Assume that the section conjecture holds over number fields. We prove then that it holds for a broad class of curves over finitely generated extensions of Q. This class contains a non-empty open subset of any smooth curve, and all hyperbolic ramified coverings of curves of genus at least 1 defined over number fields. Our method also gives an independent proof of the recent result by Saïdi and Tyler of the fact that the birational section conjecture over number fields implies it over finitely generated extensions of Q.
INTRODUCTION
Grothendieck stated in [Gro97] his famous section conjecture for fields finitely generated over Q. One obvious question is whether it is enough to prove it for number fields. Up to now, M. Saïdi proved the only results concerning this question in [Saï16] . He proved that the section conjecture over number fields implies it over finitely generated extensions of Q if the analogue of the Tate-Shafarevich group for abelian schemes over curves is finite. In the particular case of curves defined over number fields, he obtained an unconditional result.
Theorem (Saïdi) . Let K be a finitely generated field over Q with algebraic closureK, andQ the algebraic closure of Q inK. Assume that the section conjecture holds over all number fields. Then the section conjecture holds for every projective, smooth, geometrically connected hyperbolic curve X over K such that XK is defined overQ.
We address the same question with a different, more direct approach, without passing through the study of Tate-Shafarevich groups. We obtain the following unconditional result.
The author is supported by the DFG-funded Priority Program "Homotopy Theory and Algebraic Geometry" SPP 1786. 1 Theorem 5.1. Assume that the section conjecture holds over fields finitely generated over Q of transcendence degree at most d.
Let X be a smooth, hyperbolic curve over a field K finitely generated over Q. Suppose that there exists a finite étale cover Y → XK with a non-constant morphism Y → A, where A/K is an abelian variety which is defined over an extension of Q of transcendence degree at most d.
Then the section conjecture holds for X.
We stress out that in Theorem 5.1 we do not require X to be projective. In order to give a better understanding of "how many" curves satisfy the hypothesis of Theorem 5.1, we formulate two corollaries.
Corollary 5.2. Assume that the section conjecture holds over number fields. Let k be a field finitely generated over Q, and let C/k be a curve which is defined over a number field. Assume that C has genus at least 1. The section conjecture holds for any ramified covering of C of genus at least 2.
Corollary 5.3. Assume that the section conjecture holds over number fields. Let X be a smooth, hyperbolic curve over a field finitely generated over Q. Then there exists a nonempty open subset U ⊆ X such that the section conjecture holds for U.
Recently, M. Saïdi an M. Tyler proved in [ST19] that the birational section conjecture over number fields implies it over finitely generated extensions of Q. Without additional effort, our method gives an independent proof of the same result.
Theorem 5.7. If the birational section conjecture holds over number fields, then it holds over finitely generated extensions of Q.
1.1. Acknowledgements. I would like to thank J. Stix for a discussion which helped me clarify the exposition of the paper.
RELATIVE FUNDAMENTAL GERBES
In [BV15, §8], Borne and Vistoli introduced the concept of étale fundamental gerbe as a different point of view on the theory of the étale fundamental groups. If X is a geometrically connected algebraic stack over a field k, the étale fundamental gerbe of X is a pro-finite étale gerbe Π X/k with a morphism X → Π X/k universal among morphisms to stacks finite étale k. One advantage of the Borne-Vistoli point of view is that Grothendieck's section conjecture becomes particularly simple: the space of Galois sections is simply the set of isomorphism classes of Π X/k (k), and the section map is simply X(k) → Π X/k (k).
If we want to use étale fundamental gerbes to study the passage from number fields to finitely generated fields, it is clear that we need to generalize the étale fundamental gerbe to a relative setting, i.e. not only over the spectrum of a field but on a more general basis. However, this is not the place for such a general task, hence we will take a shortcut exploiting the fact that smooth curves (except P 1 ) have trivial second homotopy group.
Definition 2.1. Let S be a scheme, and X → S a smooth and proper morphism with geometrically connected fibers. Let D ⊆ X be a closed sub-scheme such that D → S is smooth and proper. We call a morphism X \ D → S for X, D, S as above a simple fibration. Definition 2.2. Let C be a geometrically connected Dedekind scheme over a field k of characteristic 0, and let X → C be a simple fibration. If C is not proper of genus 0, define the étale fundamental gerbe X → Π X/C of X/C by the following cartesian diagram
Lemma 2.3. Let S, S ′ quasi-compact and quasi-separated geometrically connected schemes over a field of characteristic 0, X → S a simple fibration, S ′ → S a morphism, X ′ = X × S S ′ . Suppose that π 2 (S¯k) is trivial. Then the natural morphism
is an isomorphism.
Proof. We may check that this is an isomorphism after base changing tok, thus we may assume that k is algebraically closed. Then the thesis is equivalent to the isomorphism of étale fundamental groups
which follows from the long exact sequence of homotopy groups of a fibration using the fact that π 2 (S) is trivial.
Corollary 2.4. Let C, C ′ be geometrically connected Dedekind schemes over a field k of characteristic 0, and assume they are not proper of genus 0. Let X → C be a simple fibration and C ′ → C any morphism. Let X ′ = X × C C ′ , then the natural morphism
Remark 2.5. Thanks to Corollary 2.4, it is possible to define Π X/C even when C is proper of genus 0 by an obvious gluing construction.
Morphisms to relative étale fundamental gerbes have an interpretation in terms of classical étale fundamental groups.
Lemma 2.6. Let X → C be as in Definition 2.2, and let T → C be a geometrically connected scheme over C. Let Ω be an algebraically closed field, and x ∈ X(Ω), c ∈ C(Ω), t ∈ T(Ω) be geometric points with t and x mapping to c. Then there is a natural equivalence of categories Π X/C (T) → Hom-ext π 1 (C,c) (π 1 (T, t), π 1 (X, x)) which, composed with the natural map Hom C (T, X) → Π X/C (T), gives the natural map Hom C (T, X) → Hom-ext π 1 (C,c) (π 1 (T, t), π 1 (X, x)).
Proof. If C is the spectrum of a field, this is [BV15, Proposition 9.3]. The general case follows from this one applying the definition of Π X/C .
SPREADING OUT SECTIONS
Definition 3.1. Let X be a fibered category and Φ → S a pro-finite étale gerbe over a scheme S. We say that a morphism X → Φ is constant if there exists a factorization X → S → Φ.
Lemma 3.2. Let k be a sub-field of a field K finitely generated over Q p . Let A 1 be an Atorsor where A is an abelian variety over k. Let l be a prime different from p. Suppose that A 1 K has good reduction at some place over p, then every morphism BZ l (1) → Π A 1 /k,l is constant.
Proof. By Lemma A.1, we may suppose that k is a finitely generated extension of Q p . Up to a finite extension, we may suppose that A 1 = A using Lemma A.1 again. If A has good reduction, then by weight reasons there are no non-trivial homomorphisms Z l (1) → T l A. Corollary 3.3. Let k be a field finitely generated over Q, and let A 1 be an A-torsor where A is an abelian variety over k. Then every morphism B Z(1) → Π A 1 /k is constant.
Definition 3.4. Let G be a pro-finite group. We say that G has no abelian torsion if, for every open subgroup H ⊆ G, the abelianization of H is torsion free.
Example 3.5. Let X be a smooth curve or an abelian variety over an algebraically closed field. Then the étale fundamental group of X has no abelian torsion, since the abelianized fundamental group of any finite étale cover of X is torsion free.
Lemma 3.6. Let k be finitely generated over Q, and let X be a smooth, proper, geometrically connected variety over k. Suppose that π 1 (X¯k) has no abelian torsion. Then every morphism B Z(1) → Π X/k is constant.
Proof. Assume by contradiction that there exists a morphism B Z(1) → Π X/k which is not constant. Since Π X/k is pro-finite étale, there exists a finite étale gerbe Φ and a morphism Π X/k → Φ which is Nori-reduced (i.e. surjective at the group level) and such that the composition B Z(1) → Π X/k → Φ is non-constant. If we identify Φ with BG for some finite étale group scheme G thanks to the preferred section of B Z(1), we get a non-trivial homomorphism Z(1) → G.
Let H ⊆ G be the image of Z(1) → G, it is a finite étale abelian group. Now define Y by the following 2-cartesian diagram: 
gives an absurd by Lemma 3.2.
Corollary 3.7. Let k be a field finitely generated over Q, C a scheme locally of finite type over k, X → C a family of smooth, proper, geometrically connected varieties. Suppose that the étale fundamental group of the geometric fibers of X → C has no abelian torsion. Let c ∈ C be a point, and let B k(c) Z(1) → Π X/k be a morphism such that the following diagram 2-commutes:
Proposition 3.8. Let k be a field finitely generated over Q, C a smooth, geometrically connected variety over k, X → C a family of smooth, proper, geometrically connected varieties. Suppose that the étale fundamental group of the geometric fibers has no abelian torsion. Every generic section Spec k(C) → Π X k(C) /k(C) extends to a unique section C → Π X/C . Proof. Observe that, by definition of Π X/C , it is equivalent to find an extension C → Π X/k . Thanks to [Bre19, Corollary 4 .3], we may reduce to the case in which C is the spectrum of a DVR. Then this follows from [Bre19, Lemma 4.5] and Corollary 3.7.
THE COHERENCE PROPERTY
In view of Proposition 3.8, the passage from number fields to finitely generated fields essentially reduces to the following coherence property.
Definition 4.1. Let X → C be a smooth, proper morphism with geometrically connected fibers, with C a smooth curve. Consider a smooth curve C ′ with a quasifinite morphism C ′ → C and a section s :
We say that X → C has the coherence property if every section s : C ′ → Π X/C as above is geometric.
The coherence property for abelian varieties.
Lemma 4.2. Let A, B finitely generated abelian groups, and g : A → B an injective homomorphism. Then
Proof. Let C be the cokernel, since A, B, C are finitely generated the following diagram has exact columns and rows:
The thesis follows by diagram chasing.
Lemma 4.3. Let k be a field finitely generated over Q. Let A be a semi-abelian variety with maximal abelian quotient A ′ , and B an abelian variety. Then every homomorphism TA → TB factors through TA ′ .
Proof. Let G ⊆ A be the toric part. By weight reasons, there are no non-trivial homomorphisms TG → TB. The thesis follows.
Proposition 4.4. Let k be a field finitely generated over Q. Let C be a smooth curve and A an abelian torsor over k. Then A × C → C has the coherence property.
Proof. Suppose that we have a section C ′ → Π A×C/C as in Definition 4.1, by base change we may assume that C ′ = C. Furthermore, since Π A×C/C = Π A/k × C, we have just a section s : C → Π A/k with geometric specializations. By properness of A it is sufficient to show that s k(C) is geometric, and thanks to [Bre18, Lemma 2.4.iii] we may do so after a finite extension of k(C). Hence, up to a finite extension of k (and thus k(C)) we may assume that we have a rational point c ∈ C(k). Let a ∈ A(k) be the point associated to s(c), we may thus regard A as an abelian variety.
Let J be the Jacobian variety of C, since C generates J up to extending k further we may assume that there exists a subgroup G ⊆ J(k) generated by a finite number of rational points of C and which is dense in J. In particular,
is injective.
Thanks to Lemma 4.3, the homomorphism π ab 1 (C, c) → π ab 1 (A, a) induces an homomorphism ϕ : T J → TA.
By Faltings' theorem, this homomorphism is associated to an element ϕ ∈ Hom(J, A).
Let us show that ϕ is associated to an actual morphism J → A. By Lemma 4.2, A(k) ).
Now, consider the element ψ ∈ Hom(G, A(k)) associated to ϕ ∈ Hom(J, A), we thus want to show that ψ(G) ⊆ A(k). Let g 1 , . . . , g n ∈ C(k) be a finite set of generators for G. By hypothesis, ψ(g i ) ∈ A(k) since s the specializations of s are geometric. It follows that ϕ ∈ Hom(J, A) and thus it is associated to a morphism f : C → A. We may then conclude by Lemma 4.6.
4.2.
Pulling the coherence property along a finite morphism. We want now to use Proposition 4.4 in order to find other fibrations with the coherence property.
The following is a well-known consequence of Hilbert's irreducibility theorem, but we could not find a suitable reference.
Lemma 4.5. Let k be an Hilbertian field of characteristic 0, and f : Y → X a quasi-finite morphism of separated schemes of finite type over k.
Suppose that f has the Nisnevich property for closed points, i.e. for every closed point x ∈ X (1) there exists y ∈ Y with f (y) = x and k(y) = k(x). Then f has the Nisnevich property for all points.
Proof. Let ξ ∈ X be a point. By replacing X with the closure of {ξ}, we may assume that X is irreducible with generic point ξ. By removing a closed subset of X, we may assume that f is finite.
Suppose that f has no generic sections, i.e. the Nisnevich property fails for ξ. We want to show that there exists a closed point x ∈ X (1) such that, for every y ∈ Y (1) over x, k(y) = k(x), thus getting an absurd.
Let n = dim X. Up to shrinking X, we may assume that Y = Y 1 ⊔ . . . Y s is a disjoint union of irreducible components, and each of them dominates X. Since f is finite, we have dim Y i = n for i = 1, . . . , s. Up to shrinking X, we have a finite morphism X → U with U an open subset of P n .
For every i, let k(Z i ) be a Galois closure of k(Y i )/k(P n ) with Galois group G i = Gal(k(Z i )/k(P n )), up to shrinking X, Y i we may assume we have finite morphisms Z i → Y i → X → U and that G i acts faithfully on Z i . Let π i : Z i → U be the composition, by [Ser97, §9.2] there exists a thin set T i ⊆ P n (k) such that for every p / ∈ T i the fiber π −1 (p) contains only one point q and k(q)/k(p) has Galois group G. Since k is Hilbertian, there exists a rational point p ∈ U \ (T 1 ∪ · · · ∪ T s )(k).
For every i we have a unique point
Moreover, the degree of k(g(q i ))/k(x) is equal to the degree of Y i /X. Since f has no generic section, this degree is strictly greater than 1.
Lemma 4.6. Let C be a smooth curve over a field k finitely generated over Q, π : X → C a fibration of smooth, proper curves of genus at least 2. Let Y → C a smooth proper morphism with geometrically connected fibers and a finite morphism ω : X → Y over C.
Suppose that Y → C has the coherence property. Then X → C has the coherence property.
Proof. The proof relies on the classical idea of Tamagawa of passing to étale neighbourhoods of a non-geometric Galois section in order to kill rational points, see [Tam97, Proposition 2.8.4]. Let s : C ′ → Π X /C be a section with geometric specializations, we want to show that it is geometric. By base change, we may assume C ′ = C.
Let X = X k(C) be the generic fiber. If s k(C) : Spec k(C) → Π X/k(C) is associated to some morphism g k(C) : Spec k(C) → X, then the extension g : C → X given by properness is associated to s thanks to the uniqueness part of [Bre19, Corollary 4.3] (this is essentially the fact that surjective homomorphisms of groups are epimorphisms, and the fundamental group of Spec k(C) surjects on the one of C).
It follows that f = ω • g by separatedness, since f and ω • g coincide on closed points.
Otherwise, by Tamagawa's argument there exists a finite étale cover π : X ′ → X such that s k(C) : Spec k(C) → Π X/k(C) lifts to s ′ k(C) : Spec k(C) → Π X ′ /k(C) and X ′ (k(C)) = ∅. We may extend X ′ to a fibration X ′ → C with a finite étale cover X ′ → X and thus s ′ k(C) : Spec k(C) → Π X ′ /k(C) extends to a lifting s ′ : C → Π X /C of s thanks to Proposition 3.8. By construction, for every closed point c ∈ C we have that s ′ (c) is associated to some point
In particular, for every closed point c ∈ C we have that C ′ c (k(c)) is non-empty. By Lemma 4.5 we have a section C → C ′ ⊆ X ′ , but this is absurd since X ′ (k(C)) = ∅.
Remark 4.7. A less general version of Lemma 4.6 was proved by Saïdi, see the discussion before [Saï16, Lemma 4.1.4]. For Saïdi, Y is the Jacobian of X . The proof is essentially the same. Allowing Y to be arbitrary is the main reason why we obtain a stronger result, and one of the two reasons why the result about the birational section conjecture is easier for us (for the second one, see Remark 5.6).
From this point of view, one could regard Saïdi and Tamagawa's study of Tate-Shafarevich groups [ST15] as an attempt to prove the coherence property for arbitrary abelian schemes. Such a result would imply that fibrations of hyperbolic curves have the coherence property by Lemma 4.6, and hence the section conjecture over number fields would imply the section conjecture over finitely generated fields, which is the main conditional result of [Saï16] .
Remark 4.8. It is natural to ask whether Lemma 4.6 holds more generally for smooth, proper fibrations X → C. For our proof, it is crucial the fact that the fibers are hyperbolic curves (and hence have finitely many rational points) in order to use Tamagawa's argument.
Corollary 4.9. Let C be a smooth curve over a field k finitely generated over Q, π : X → C a fibration of smooth, proper curves of genus at least 2. Suppose that there exists an abelian torsor A over k with a non-trivial morphism X k(C) → A k(C) . Then X has the coherence property.
FROM NUMBER FIELDS TO FINITELY GENERATED FIELDS
We now prove our main theorem.
Theorem 5.1. Assume that the section conjecture holds over fields finitely generated over Q of transcendence degree at most d.
Proof. By induction, let us assume the thesis holds for finitely generated extensions of Q of transcendence degree equal to trdeg(K/Q) − 1. Let s K ∈ Π X/K (K) be a section, we want to show it is geometric. Reduction 1: we may assume that there exists an abelian variety A defined over a subfield k A ⊆ K of transcendence degree at most d over Q and a non-constant morphism X → A K .
In fact, thanks to the hypothesis, there exists a finite extension
Up to extending K ′ further, we may moreover assume that s K lifts to s ′ ∈ Π Y/K ′ (K ′ ). Thanks to [Bre18, Lemma 2.4 .iii] it is enough to show that s ′ is geometric. It follows that, after replacements, we may assume that there exists an abelian variety A defined over a subfield k A ⊆ K of transcendence degree at most d over Q and a non-constant morphism X → A K .
Reduction 2: we may assume that X is projective. Suppose that we have proved the theorem for projective curves. If s K is not geometric nor cuspidal, by Tamagawa's observation [Tam97, Proposition 2.8.4] there exists a finite étale cover Y → X such that s K lifts to s Y,K ∈ Π Y/K (K), Y has genus at least 2 and the smooth completionȲ of Y has no rational points. Then we get an absurd, since the image of s Y,K in ΠȲ /K (K) must be geometric butȲ has no rational points.
Suppose now that X is projective and that we have a morphism X → A K , where A is defined over a subfield k A of transcendence degree at most d over Q. Let k A ⊆ k ⊆ K be an intermediate extension which is algebraically closed in K and such that trdeg(k/Q) = trdeg(K/Q) − 1, and let C be a smooth curve over k with function field k(C) = K. Up to shrinking C, we have a smooth model X → C of X. Then the thesis follows from Proposition 3.8 and Corollary 4.9.
Proof. Let E be any elliptic curve defined over Q, by taking a suitable curve in X × E K we may find a ramified cover Y → X with a non-constant morphism Y → E. Let U ⊆ X be the étale locus of Y → X, then U satisfies the hypothesis of Theorem 5.1.
The birational case.
Definition 5.4. Let X be a smooth projective curve over a field k, and s ∈ Π X/k (k) a section. We say that s is birational if it is in the image of Π k(X)/k (k) → Π X/k (k).
Lemma 5.5. Let R be a DVR geometrically connected over a field k of characteristic 0, C = Spec R, ξ ∈ C the generic point and c ∈ C the closed point. Let X → C a smooth, proper morphism whose fibers are geometrically connected curves, and C → Π X/C a section.
If the generic section Spec k(C) → Π X ξ /k(C) is birational, then the special section Spec k(c) → Π X c /k(x) is birational.
Proof. We may find an increasing sequence
is the birational fundamental gerbe of X c .
Thanks to Corollary B.2, the generic lifting Spec Remark 5.6. Lemma 5.5 is the second reason why (see Remark 4.7 for the first one) the result about the birational section conjecture is easier for us than for Saïdi-Tyler. Our point of view allows us to use the valuative criterion for proper morphisms of stacks to give an abstract proof of the fact that birational sections specialize to birational sections, while Saïdi and Tyler rely on a refined study of ramification of sections plus complex combinatorial results about the structure of fundamental groups of curves by Hoshi and Mochizuki, see [ST19, Proposition 3.11].
Proof. Thanks to Tamagawa's argument, it is enough to prove the birational section conjecture for curves without rational points. In particular, it is enough to prove that any birational section of a smooth projective curve is geometric as a Galois section of the complete curve.
Let X be a smooth, projective curve over a field K finitely generated over Q, and s K ∈ Π X/K (K) a birational section, i.e. s K is the image of some section s ♭ K ∈ Π K(X)/K (K), we want to show that s K is geometric. By induction, let us assume the birational section conjecture holds over fields finitely generated over Q of transcendence degree at most trdeg(K/Q) − 1.
Let E be any elliptic curve over Q, and choose any smooth projective curve Y over K with non-constant morphisms Y → X, Y → E K (to find Y, just take the normalization of any "diagonal" divisor in X × E K ). Since K(Y)/K(X) is finite étale, up to a finite extension of K (which we may take thanks to [Bre18, Lemma 2.4 .iii]) we may assume that s ♭ lifts to k(Y). Up to replacing X with Y, we may assume we have a non-constant morphism X → E K . Let X → C be a spread out of X → Spec K, by Corollary 4.9 it has the coherence property.
Thanks to Proposition 3.8, s K spreads out to a section s : C → Π X /C . By Lemma 5.5, the specializations of s are birational, and thus geometric by hypothesis. It follows that s is geometric since X → C has the coherence property.
APPENDIX A. CONSTANT SECTIONS AND BASE CHANGE
We refer to [Bre18, Appendix A] for the definitions concerning fibered categories. If X is a scheme, it is geometrically connected as a fibered category if and only if it is geometrically connected as a scheme. Any quasi-compact and quasi-separated scheme is concentrated as a fibered category. Proof. If f is constant, then clearly f k s is constant too. On the other hand, suppose that f k s is constant. By replacing X with its étale fundamental gerbe, we may suppose that X is a pro-finite étale gerbe. In particular, we have a section x : Spec k s → X k s . The fact that X k s → Φ k s is constant implies that the homomorphism Aut X ks (x) → Aut Φ ks ( f (x)) is trivial, and that we have a factorization
Let Γ be the absolute Galois group of k. For every σ ∈ Γ, since X is a gerbe we have an isomorphism ψ(σ) : x ≃ σ * x. This, obviously, does not give descent data for x to k, since there is no reason why these ψ(σ) should satisfy the cocycle condition. However, since Aut X ks (x) → Aut Φ ks ( f (x)) is trivial, the cocycle condition does hold in Φ, thus f (x) : Spec k s → Φ descends to a rational section Spec k → Φ. The thesis follows.
Suppose now that X is concentrated, k has characteristic 0 and k ′ is any extension. Thanks to the preceding case, we may reduce to the case in which both k and k ′ are algebraically closed. Then the thesis follows from the fact that Π X k ′ /k ′ = Π X/k × k ′ , see [Bre18, Proposition A.21] , and the fact that a morphism of gerbes over an algebraically closed field is constant if and only if the associated morphism of groups is trivial.
APPENDIX B. A VALUATIVE CRITERION FOR PROPER MORPHISMS OF STACKS
The following valuative criterion for proper morphisms of algebraic stacks is known to experts, but we could not find a suitable reference. We use the notion of infinite root stack which is the projective limit of the finite root stacks, see [AGV08, Appendix B] and [TV18] . Proof. Assume that f has this property, let us check the valuative criterion of properness. Let Spec R → X be a morphism with a lifting Spec k(R) → Y. Since Y is an algebraic stack, its diagonal is locally of finite type, thus ∞ Spec R, p → Y descends to n Spec R, p → Y for some n big enough. If π ∈ R is a uniformizing parameter and R ′ = R[t]/(t n − π), the composition Spec R ′ → n Spec R, p → Y shows that the valuative criterion of properness is satisfied. On the other hand, assume that f is proper. By the valuative criterion, there exists a DVR S dominating R with a lifting Spec S → Y. Since the morphism is of finite type, we may choose S of finite type over R. Up to a finite extension, we may moreover assume that there exists a finite group G acting on S such that S → R is generically a Galois extension with group G (it might happen that after the extension S is no more a DVR, but just a Dedekind scheme of finite type over R).
By hypothesis, the morphism s : S → Y generically descends to a morphism Spec k(R) = [Spec k(S)/G] → Y.
Since S is normal and Y → X is proper, the generic descent data extends to descent data for a morphism [S/G] → Y.
More explicitly, for every σ ∈ G the generic isomorphism s| k(S) ≃ σ * s| k(S) extends to an isomorphism s ≃ σ * s since S is normal and Y → X is proper. Moreover, these isomorphism automatically satisfy the cocycle condition, since by separatedness it is enough to check it on the generic point. 
